Abstract. Let B be a finite set of natural numbers or complex numbers. Product set corresponding to B is defined by B.B := {ab : a, b ∈ B}. In this paper we give an upper bound for longest length of consecutive terms of a polynomial sequence present in a product set accurate up to a positive constant. We give a sharp bound on the maximum number of Fibonacci numbers present in a product set when B is a set of natural numbers and a bound which is accurate up to a positive constant when B is a set of complex numbers.
Introduction
In [3] and [4] the author has proved that if B is a set of natural numbers then the product set corresponding to B cannot contain long arithmetic progressions. In [3] it was shown that the longest length of arithmetic progression is at most O(|B| log |B|). We try to generalize this result for polynomial sequences. Let P (x) ∈ Z[x] be a polynomial with positive leading coefficient. Let R be the longest length of consecutive terms of the sequence, that is, R = max{n : there exists an x ∈ N such that {P (x + 1), · · · , P (x + n)} ⊂ B.B}.
We prove that R cannot be large for every polynomial P (x). In section 2 we consider the question of determining maximum number of Fibonacci and Lucas sequence terms in a product set.
As in [3] we define an auxiliary bipartite graph G(A, B.B) and auxiliary graph G ′ (A, B.B) which are constructed for any sets A and B whenever A ⊂ B.B. The color classes of G are two copies of B whereas G ′ has only one color copy of B and for each a ∈ A we pick a unique representation a = b 1 b 2 and place an edge (b 1 , b 2 ) in G and in G ′ . Note that V (G) = 2|B|, V (G ′ ) = |B| and E(G) = E(G ′ ) = |A|. Observe that G ′ can have self loops and G cannot have self loops.
Number of Fibonacci Numbers and Lucas Numbers
Let B be a finite set of naural numbers. Let A be the set of Fibonacci numbers contained in the product set. From [2] there are only two perfect square Fibonacci numbers, viz., 1 and 144. Hence there can be at most two self loops in the graph G ′ (A, B.B). We give an upper bound on cardinality of A by using the following lemma.
Lemma 2.1. Let F n and F m be nth and mth Fibonacci numbers and m < n and n > 2 then gcd(F n , F m ) < √ F n .
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There cannot be more than |B| Fibonacci numbers in the product set B.B when B is a set of natural numbers.
Proof. We claim that in the graph G ′ (A, B.B) there cannot any cycle other than self loops. Suppose there is a k-cycle 
Hence F = b 1 b 2 < F which is a contradiction. Hence there cannot be any cycle. From [2] there cannot be more than 2 self loops. Hence the number of edges which equal number of Fibonacci numbers in the set B.B cannot exceed |B| + 1. Now we prove that there cannot be |B| + 1 Fibonacci numbers. Suppose there are |B| + 1 Fibonacci numbers, as the graph cannot have any cycle there should be two self loops namely, 1 and 12 and the graph obtained by removing the two self loops should be connected tree of |B| vertices. Since the graph is connected there should be a path between 1 and 12. Let the path be Now we consider the case where B is a set of complex numbers and try to give an upper bound on the number of Lucas sequence terms in the product set. Let A be the set of Lucas sequence terms with indices greater than 30 in the product set B.B.
Lemma 2.3.
There cannot be any cycle in G(A, B.B).
Proof. Suppose there was a cycle
where L ni are Lucas sequence terms with indices greater than 30, which implies
Let n i be the largest index ≥ 31. Then from [1] L ni contains a primitive divisor p and hence p divides exactly one side of (1) and therefore (1) cannot be true. Thus there cannot be any cycle. 
Polynomial sequences
Now we turn onto the second problem in this paper. Given a polynomial P (x) with positive leading coefficient and integer coefficients what can we say about the longest length of consecutive terms in the product set B.B.
Since there can be at most finitely r such that P (r) ≤ 0 or P ′ (r) ≤ 0 there exists an l such that P (r + l) > 0 and P ′ (r + l) > 0 for all r ≥ 1. Hence we can assume without loss of generality that every irreducible factor f (x) of P (x) f (x) > 0 and f ′ (x) > 0 ∀x ≥ 1 as this assumption only effects R by a constant. From now we will be assuming that for every irreducible divisor f (x) of P (x) f (x) > 0 and f ′ (x) > 0 for all natural numbers x. We prove three lemmas in order to give an upper bound for R.
If
is an irreducible polynomial of degree ≥ 2. Let D be the discriminant of f (x). Let d be the greatest common divisor of the set {f (n) : n ∈ N}. Let
If p e ||M then p e ∤ d and hence there exists an a p , such that f 1 (x) is not divisible by p for all x ≡ a p ( mod p e ). From Chinese remainder theorem there exists an integer a such that a ≡ a p ( mod p e ) for all primes dividing M and hence there exists an a such that f 1 (x) is relatively prime to M for all x ≡ a( mod M ).
Lemma 3.1. For sufficiently large R the number of numbers in the set {f 1 (r + i) : 1 ≤ i ≤ R, r + i ≡ a mod M } with atleast one prime factor greater than R is ≥ R 3M for every non negative integer r.
Let S be the largest divisor of Q with all prime factors ≤ R. Let e p be the index of p in S. Let ρ(p) denote the number of solutions modulo p of the congruence f (x) ≡ 0( mod p).
From prime ideal theorem, we have p∤M p≤R
Thus, we have
Let L be a subset of {f 1 (r + i) : 1 ≤ i ≤ R, r + i ≡ a mod M } containing all the numbers which do not contain any prime factor greater than R and let l denote the cardinality of L.
where n is the degree of the polynomial f (x). Hence
Hence for sufficiently large R, l should be less than 2R 3M − 2. Hence number of numbers belonging to the set {f 1 (r + i) : 1 ≤ i ≤ R, r + i ≡ a mod M } with atleast one prime factor greater than R is ≥ R 3M .
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The following corollary immediately follows from Lemma 3.1.
Corollary 3.2. If P (x) has an irreducible divisor of degree ≥ 2. Then there exist Ω(R) numbers in the set {P (r +i) : 1 ≤ i ≤ R} with atleast one prime factor greater than R. Lemma 3.3. If f (x) is a linear polynomial. If r ≥ R γ for a γ > 1 then there exists a constant c > 0 depending upon γ such that for sufficiently large R, number of numbers of the set {f (r + i) : 1 ≤ i ≤ R} with a prime factor greater than R is greater than cR.
Proof. The proof is similar to that of Lemma 3.1. Let Q = R i=1 f (r + i) and S be the largest divisor of Q with all prime factors ≤ R.
Let L be a subset of {1 ≤ i ≤ R} containing all i such that f (r + i) has all prime factors ≤ R. Let the cardinality of L be l.
which implies
For sufficiently large R, l should be ≤ .
We have the following Corollary for Lemma 3.3.
Corollary 3.4. If degree of every irreducible divisor of P (x) is 1 and r ≥ R γ then number of elements of the set {P (r + i) : 1 ≤ i ≤ R} with atleast one prime factor greater than R is Ω(R). Corollary 3.6. If degree of every irreducible divisor of P (x) is 1 and r ≤ R γ then number of elements of the set {P (r + i) : 1 ≤ i ≤ R} with atleast one prime factor belonging to the range (
In a graph G(V, E) for v ∈ V we define V (v) to be the set of all vertices adjacent to v. Lemma 3.7. If there is a bipartite graph (A, B, E) such that for all a ∈ A and b ∈ B, degree of a is ≤ n and degree of b is ≥ 1 then there exists a sequence of vertices
Proof. The proof is by induction on n. For n = 1 the lemma is true since degree
If the lemma is true for n = r we have to prove for n = r + 1. Order the vertices of B as Theorem 3.8. Let P ∈ Z[x] and has a positive leading coefficient and if {P (r + 1), · · · , P (r + R)} is contained in the product set B.B for a nonnegative integer r and natural number R and B is a set of complex numbers.
(1)If P has an irreducible factor of degree ≥ 2 then R = O(|B|).
(2)If P has no irreducible factor of degree ≥ 2 and r > R γ and γ > 1 then R = O(|B|). (3)If P has no irreducible factor of degree ≥ 2 and r ≤ R γ and γ > 1 then R = O(|B| log |B|).
Proof. If P has an irreducible factor f of degree greater than 2 or P (x) has no irreduible divisor of degree ≥ 2 and r > R γ let A = {p : p is a prime, p|P (r + i) for some 1 ≤ i ≤ R, p > R} and let
If P (x) has no irreducible divisor of degree ≥ 2 and r ≤ R γ then let A = {p : p is a prime, R 2 < p ≤ R and p|P (r + i) for some 1 ≤ i ≤ R} and let
, R] such that p|P (r + i)}.
In cases (1) and (2) from Corollaries 3.2 and 3.4 the size of C is Ω(R). In case (3) from Corollary 3.6 the size of C is Ω( R log R ). If we consider a bipartite graph G between A ∪ C constructed such that there exits an edge p ∈ A and P (r + i) ∈ C if and only if p|P (r+i). In this graph the degree of a ∈ A is is less than or equal to the degree of polynomial P . Hence from Lemma 3.7 there exists a sequence c 1 , c 2 , · · · , c k with k ≥ let n i be the highest index present in the cycle. There exists a prime p such that p|c ni and p ∤ c nj for j = i and hence p divides exactly one side of (2) and hence (2) cannot be true. Thus there exists no cycle in G(C ′ , B.B). Hence |C ′ | ≤ 2|B| − 1. Therefore R = O(|B|) in cases (1), (2) and R = O(|B| log |B|) in case (3) which completes the proof of the theorem.
